AppendTo[$Path, ToFileName[NotebookDirectory[] <> "\\Hazik"]];

SetDirectory[NotebookDirectory[]];
SetOptions[#, AxesStyle » Arrowheads[Automatic]] & /@
{Plot, ListPlot, ParametricPlot, ListLinePlot};

LaunchKernels][]

{KernelObject[1l, local], KernelObject[2, local]}

Needs ["ReactionKinetics ™ "]

Needs ["ReplaceVariables ™ "]

Mathematica

m Megoldas, vetllet, trajektoria

log[k_] := Show[Plot[Evaluate[{1, x[t] /.
NDSolve[{x'[t] = kx[t] (1-x[t]), x[0] = 0.1}, x[t], {t, 0, 40}]|[[1]1}],
{t, 0, 6}, AxesLabel -» {t, x[t]}, AxesOrigin » {0, 0}] ,
ParametricPlot[{—kx (l—x) , x}, {x, -0.5, 1.5}, AxesOrigin-» {0, 0},
PlotStyle -» Directive[Thickness[0.01], Red]] ’
PlotRange -» {{-1, 6}, {-0.8, 2}}, Prolog -
{Thick, Brown, Arrow[{{0, -0.1}, {0, -0.5}}], Arrow[{{0O, 0.1}, {0, 0.9}}1,
Arrow[{{0, 1.8}, {0, 1.1}}], Green, Arrow[{{2.4, 0.42}, {2.7, 0.485}}1},
Epilog -» {Text[Style["f(x)", Bold, 18], {-0.3, -0.2}, {1, 0}, {O, 1}]}]
log[
0.8]
x(t)

A

<
T




2 | MosonPeter2016.nb

nds = NDSolve[{x'[t] ==y[t], y'[t] == -Sin[x[t]], x[0] = 0, y[0] =1},
{x, vy}, {t, 0, 15}1[[1]];
ParametricPlot3D[Evaluate[{{0, x[t], y[t]}, {t, x[t], -1.5},
{t, 1.5, y[t]l}, {t, x[t], y[t]}} /. nds], {t, O, 10},
PlotStyle » {Directive[Thick, Brown], Directive[Thick, Green, Dashed],
Directive[Thick, Blue, Dashed], Directive[Thick, Red]},
BoxRatios -» {4, 1, 1}, AxesLabel » {"t", "x(t)", "y(t)"},
PlotLabel -» "Az inga egyenletének megoldasa,\na megoldas
koordinatafiiggvényei és\n trajektédridja a fazissikon"]

Az inga egyenletének megoldasa,

a megoldas koordinatafiiggvényei és
trajektoriaja a fazissikon

m Szimbolikus modszerek

Zart alaku, szimbolikus megoldas?

Together[FunctionExpand[DSolve [{y' [x] = %% + y[x] 2} , vIx]1, x] ] ]

—xBesselJ[—3 Xz]+><BesselJ[3 ﬁ}C[l}

ey 4’ 2 }}

BesselJ[i—, 2—2} +BesselJ[—}l—, X2—2] Cl[1]

{{vix] -

Az elemi figgvény fogalmanak csak térténeti jelentdsége van. (HF: Program arra, h elemi-e egy
fv?)

Kozelito (szimbolikus és numerikus) modszerek

Konkrét eljarasok: a bizonyitasokbdl

A fokozatos kozelites modszere

F = #1 #2 &;
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t
Al¢_] := Function[t, -1 +J- F[s, ¢[s]] ds]
2
(*Operator: figgvényhez fuggvényt rendelx)

NestList[A, 1 &, 3]
$
{1 &, Function[ts, —1+Jt F[s, (1&)[s]]ds],
2
ts t$
F[s, Function[ts$, —1+J F[s, (L&) [s]]ds][s]]ds],

Function [t$, -1 +J
2

2
Function[t$, -1 +Jt$F{s, Function[t$,
2
t$ t$
-1 +J F{s, Function[t$, -1 +J F[s, (1&)[s]] dls] [s}] dls} [s}] dls”
2

2
Through[NestList[A, -1 &, 3] [z]]
z2 z2 z4 1 z2 z4  z6

{-1,1-—, -1+ —-—, -
2 2 8 3 2 8 48

ClearAll[pontos, y, x];
pontos = DSolve[{y'[x] = x y[x], y[2] = -1}, yv[x], x][1]

{y[x} - —e’2+X2_A}

Append[Through[NestList[A, -1 &, 3][z]], v[x] /. pontos[[1]]]
z2 z2 z4 1 z2 z% @z
{1, 1-—, -1+ —-—, == —+ —-—

' -—, —e 7}
2 2 8'3 2 8 48

Plot[Evaluate[Append[Through[NestList[A, -1 &, 2] [x]], pontos]],

{x, 2, 4}, PlotLegends -» "Expressions'"]

e

2.5 3.0 3.5

Jb esetben megseijtjik az altalanos alakot, majd bebizonyitjuk, megvizsgalva a konvergenciatar-

tomanyat.

Megoldas hatvanysor alakjaban

vix_] = 1+Sum[a[i] x*, (i, 3}] +0[x]*4

l+afl] x+a[2] x*+a[3] x> +0[x]*

| 3
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Dly[x], x]?-y[x] == x
(-1+af1]?) + (-a[l] +4a[l]a[2]) x+ (-a[2] +4a[2]?+6a[l] a[3]) x? +O[x]? = x

Ez egy nagyon Ugyes fuggveény!

LogicalExpand[%]
~l+a[l]?=0s8&-1-a[l]+4a[l]laf2] =0&&-a[2] +4af[2]?+6a[l]a[3]=0

Solve[%]
{{al1] > -1, a[2] >0, a[3] 50}, {a[1] > 1, a[2] - i a[3] e—%}}
vix] /. %
2 3
{1—x+O[x}4, 1+x+x——x—+0[x}4}
2 12
Normal [%]
2 3
{1—X, 1+X+X——X—
2 12

Miért kaptunk két megoldast?

Jé esetben megsejtjik az altalanos alakot (a program is segithet), majd bebizonyitjuk, megvizsgalva
a konvergenciatartomanyat.

Egy hasznos fuggveny: ParametricNDSolve

Ugy banik a numerikus megoldassal, mintha szimbolikus lenne!

sol = ParametricNDSolve][
{x''[t] +ax[t] = 0, x[0] ==1, x'[0] == 0}, {x}, {t, 0, 10}, {a}]

. . Expression: x
{x - ParametrlcFunctlon{ Parameters: {a} } }

Plot[Evaluate[x[a][10] /. sol], {a, 0, 2}, AxesLabel » {"a", "x[a] [10]"},

PlotLabel -» "Nem az iddé figgvénye,\n a paraméteré!"]

Nem az id6 fuggvénye,

a paraméteré!
x[a][10]

A

0.5
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Az abra alapjan tudunk j6 kezdeti becsléseket kapni, ez kell a FindRootnak.

FindRoot[x[a] [10] /. sol, {a, #}] &/@{0, 0.2, 0.5, 1, 2}
{{a—>0.024674}, {a - 0.222066}, {a > 0.61685}, {a— 1.20903}, {a—> 1.99859}}

m Elso hazi feladatsor

3. feladat (Az Euler-modszer)

A pontos megoldas

ClearAll[pontos, vy, x];
y[x]

pontos = DSolve[{y '[x] =1-

}

, yl[2] = -1}, y[x], x] [1]

-8+ x?

2 x

{vIx] -

NestList[ff, x0, 2]
{x0, ££[x0], f£[£f£[x0]]}

Ez j6 lesz nekunk!

euler[f_,h_,x0_,y0_,n_:3] :=
Module[{lep, x, vy}, lep[{x_, yv_}] :={x+h, y+hf[x, v]};
NestList[lep, {x0, y0}, n]]

ClearAll[F];

Yy
Flx_,y_]:=1-=;
x

lp = ListLinePlot[euler[F, 0.5, 2, -1, 3],
PlotStyle » {RGBColor[1l, 0, 0]}, PlotLabel » "kézelitd"]

kozelitd
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pont = Plot[y[x] /. pontos, {x, 2, 3.5}, PlotLabel -» "pontos"]

pontos

Show[lp, pont, PlotLabel - "Osszevetés"]

Osszevetés

TableForm[euler[F, 0.5, 2, -1, 3], TableHeadings » {None, {"xi", "yi"}}]

X4 Yi

2 -1
2.5 -0.25
3. 0.3
3.5 0.75

4. feladat

ds = DSolveValue[{y'[x] = xy[x], y[1] = -1}, v[x], x];
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StreamPlot[{1, xy}, {x, -2, 3}, {y, -5, 4}, PlotLabel - "Z&1d: kézelitd\n",
Epilog » First@Plot[ds, {x, -2, 2}, PlotStyle » {Thickness[0.01]}], Prolog -
{Red, PointSize[0.05], Point[{1, -1}], Blue, Point[{2, Evaluate[ds /. x> 2]}],
Green, Point[Last[euler[#1H#2 &, 0.2, 1, -1, 5]]111}]

Z6ld: kozelitd

41 ~" 7 { | !
NN

f
\ \\\\\\\ A //4//4 £ f 4

4L

Last[euler[#1#2 &, 0.2, 1, -1, 5]]
{2., -3.41921}
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5. feladat (fazisegyenes)

Show|[Plot[Evaluate[{-1, 1,
y[x] /. NDSolve[{y'[x] = y[x]®-1, y[0] = -0.1}, y[x], {x, 0, 40}] [[1]11}],
{x, 0, 3}, AxesLabel » {x, y[x]}, AxesOrigin -» {0, 0}] ,
ParametricPlot[{-y*+1, vy}, {y, -1.5, 1.5}, AxesOrigin - {0, 0},

PlotStyle -» Directive[Thickness[0.01], Red] ] ,

PlotRange -» {{-1, 3}, {-1.6, 2}}, Prolog -
{Thick, Brown, Arrow[{{O0, -1.7}, {O, -1.1}}], Arrow[{{O, 0.9}, {0, -0.9}}1,
Arrow[{{0, 1.1}, {0, 1.8}}1},

Epilog -> Text[Style["f(x)", Bold, 16], {-0.7, -0.8}, {1, 0}, {O, 1}]]

y(x)

(x)

6. feladat (egzaktta teheto, de homogen is)

x? -2 xy[x] -3y[x]? .

eq6:y'[x ::_ 2 2,
3x-2xy[x] +y[x]

DSolveleqg6, y[x], x]

cl1]

{{y[x]%é —ec[”—Zx—ey\/ec[l]+8x)}, {Y[ﬂ*i —etltl -2 x+e s ‘Ec[l]’fgx)}}

rv6 = ReplaceVariables[eq6, £ » x, y[x] » En[€], nl€]]
~1+n[€12-3&n (€] +ENEI N [E] =0

eq66 = Equal @@@ (Solve[rv6é, n'[]11[[1]])

1-n[&)2
{n’[é] . L}
& (-3+n[&])
DSolve[eq66, n[£], €]
et —2&-e = VeClll 1 8¢ el _2&+e s VeClll 1 8¢
{{nie1- > bo{nigl - . 1

Szétvalaszthaté valtozéju lett.
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/. feladat (Euler)

ReplaceVariables[xzy' '[x] -4xy'[x] +6y[x] =0, § »Log[x], v[x] »n[&], Tl[f]]
6n[El -5 [E] +n”[E] =0

Az egyutthatok lehetnek x linearis flggvényei is lehetnek, az egyenlet magasabbrendd is lehet.

| 0. feladat

Elészor félirjuk a gorbesereg differencialegyenletét, utana pedig megrajzoljuk az ortogonalis
trajektoridkat.

Eliminate[{y[x] == cx®, y'[x] ==D[cx?, x|}, <]

xy'[x] =2 y[x]

Solve[%, y'[x]]

2Y[X]H

X

{{v'Ix] -

StreamPlot[{{l, 2 X}, {1, —i}}, {x, -2,2}, {y, -2, 2}]
X 2y

e A

2+

m Masodik hazi feladatsor

Ezt tébbszér fogjuk hasznalni, de vigyazat, nem feltételek nélkil makaddik.

torhs[eq_] :=Last/@eq /. u_[t] »u
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2. feladat

e2t
o ¥ [8) = oxle] +Tan[t]}, {x[t], y[t]}, t]

DSolveValue[{x'[t] =y[t] +

{cl1] cos[t]+C[2] Sin[t] +

1
-Cos|[t] - ; i (—EprntegralEi[ (2 —J'L) t} +EprntegralEi[(2+]’1> t])) Sin[t] +

Cos[t] (§ (EXpIntegralEi[ (2 - ]'1) t] + EprntegralEi[ (2 + ]'1) t} ) +

Log[Cos[g] —Sin[%“ —Log[Cos[g] +Sin[§“ +Sin[t]], C[2] Cos[t] +
1
Cos[t] (—Cos[t} - ; i (—EXpIntegralEi[ (2 —]'1) t] +EprntegralEiH2 +J'L) t”) -

C[1] Sin[t] - Sin[t]

—

Log[Cos{g]—Sin H—Log[Cos{i]+Sin[

Kézzel is ilyen csunya lett?

3. feladat

eq3 = {x'[t] = 3y[t] - 3x[t],
y'[t] = (1+a%) x[t] -y[t] -x[t] z[t], z'[t] =x[t] y[t] -z[t]};

rhs3 = torhs[eq3]

{—3x+3y, (1+a2> X-y-x2Z, xy—z}
Egyensulyi helyzetek:

sol3 = Solve[rhs3 =0, {x, vy, 2}]

{{x%O, y—>0,z-0}, {X%—a, y - -a, z%az}, {xea, y - a, z%az}}

MatrixForm[J = D[rhs3, {{x, y, 2}, 1}]]

-3 3 0
l+va?2-z -1 -x
% x -1

Eigenvalues /@ (J /. sol3)

{{-1, -2-V4+3a%, -2+Va+3a2 },

{Root[6a?+ (4+a”) #l+501%+11% &, 1], Root[6a”+ (4+a?) Hl+501? + 1l &, 2],
Root[6a?+ (4+a?) Hl+501%+01% &, 3]}, {Root[6a?+ (4+a?) nl+5u1%2+nu1%s, 1],
Root[6a”+ (4+a”) #l+501% +11% &, 2], Root[6a”+ (4+a?) Hl+5H1? + 11 &, 3]}}

Simplify[—CharacteristicPolynomial[1:t, Al & /@ (J /. sol3)]
[(L+2) (-3a%+A(4+2)), a% (6+A) +A (4+52+2%), a (6+2) +A (4+51+27)}

Az origd mindig instabilis, a tébbi aszimptotikus stabilitasahoz elegendd, ha a megfeleld
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Expand[a2 (6+)L) + A (4+5)L+)Lz)]
6a?+4x+a’A+52A2+ 23

polinom nemcsak a Stodola-kritériumot teljesiti (az egyutthaték pozitivak), hanem a Routh-Hurwitz-
kritériumot is, ami itt egyszerlen az alabbi:

Reduce[S (4 +a2) > 6a2, a]

-245 <a<24+/5

a= 2‘\/?; Solve[6a2+ (4+a2) #1 + 5812 + #13 &[x] =0, x]

{{X%—5}, {X%—Z]'l\/?}, {erj\/?}}

Manipulate[Plot[G a’+ (4 +a2) #1 + 5812 + 813 &[x], {x, -6, 4}] ,

{{a, -2+/5}, -5, 5, 0.5}]

=1

Mi a helyzet a hataron, ahol a linearizalas nem segit?

4, feladat

eqd = {x'[t] = 3x[t] -y[t] -22z[t],
y'[t] =-8x[t]+6y[t] +10=z[t], z'[t] ==5x[t] -3y[t]-5=z[t]};
rhs4 = torhs[eg4]
{3x-y-22z, -8x+6y+10z, 5x-3y-52z}
Az egyutthatéatrixot igy nyerhetjuk ki:
cr = CoefficientRules[rhs4]
{{{11 OI O} ﬁ31 {OI ll O} ﬁ_1/ {OI OI l} ﬁ_2}1

{{1, 0,0} ->-8, {0, 1, 0} »6, {0, 0, 1} » 10},
{{11 OI O} ﬁ51 {OI ll O} ﬁ_3/ {OI OI l} ﬁ_5}}
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coeffmat = Map[Last, cr, {2}]
{{31 _ll _2}1 {_81 6/ lO}, {51 _31 _5}}

Eigenvalues[coeffmat]

{2, 1, 1}

5. feladat

Egy sorozat abra jon

StreamPlOt[{x_Yl y_4x}l {x, -3, 3}/ {YI -3, 3}/
Epilog » {Red, PointSize -> Large, Point[{0, 0}]}, PlotTheme -» "Scientific"]

vvvvvvvvvvvvvv

AN NN
RN\

L B e e e N B B S B B B

————
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Table[StreamPlot[{x-y, y-4x}, {x, -3, 3}, {y, -3, 3}, StreamScale -» None,
PlotLabel -» p, StreamPoints - p], {p, {Coarse, Medium, Automatic, Fine}}]

T

Z\\

)

——————————

StreamPlot[{x—y, Y-4X}/ {xl _31 3}/ {YI _31 3}/
StreamPoints -» {{{{1, 0}, Red}, {{-1, -1}, Green}, Automatic}}]

TN ]
NSNS
A=A
£ L
R L
IEARIIRASIAR AR AR R R
LA
\\R\\\H//\\\\\\\\\\\
EURIZANNE Y
£ ZZAA
A
T2 O
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StreamPlot[{x-vy, y-4x}, {x, -3, 3},

{y, -3, 3}, VectorPoints » 10, VectorStyle » Red]

3l

2 \\\ {Q \ \\./

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

\\\\\\\\

6. feladat

eq6 = {x'[t] = -7 Sinh[x[t]] +2y[t],

y'[t] =28Sin[x[t]] -6y[t] +2z[t], z'

rhs6 = torhs[eg6] ;

rhs6 /. {x> 0, y->»0, z->0}
{0, 0, 0}

Van-e masik egyensulyi helyzet?

eli = Eliminate[Thread[rhs6 = 0], {y, z}]

(91 -14 %) Sinh[x] = 10 Sin[x]

Listeeeli

{(91-14x) Sinh[x], 10Sin[x]}

[t] =2 (x[t] +1) y[t] -5z[t]};
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Plot[Evaluate[lListe@eeeli], {x, -3, 3},
Epilog -» Rectangle[{-2.6, 20}, {-0.5, 450}, Plot[Evaluate[List@@eli],
{x, -0.1, 0.1}, Frame » True, PlotLabel - "Kbzelebbrdl:"]]]

Kozelebbrdl: 400
1

T8 e
-0-0mB00510 200

Belathaté, hogy csak egy metszéspontjuk van.

D[rhs6, {{x,y, z}, 1}] /. Thread[{x, y, z} - 0]
{{_71 2/ O}I {21 _61 2}/ {OI 2/ _5}}

Eigenvalues[%]

{_91 _61 _3}

VectorPlot3D[rhs6, {x, -2, 2}, {y, -3, 3}, {z, -4, 4}, PlotTheme -» "Detailed"]

—> rhs6




16 | MosonPeter2016.nb

/. feladat

eq7 = {—2x—y, (3+b) x—5y};

Plot[t2/4, {t, -3, 3}, PlotRange » {-3, 3}, AxesLabel » {"nyom: t", "determ: 6"}]

determ: 6

nyom: t

-3

cr = CoefficientRules[eq7, {x, y}]
{{{1, 0}y »-2, {0, 1} >-1}, {{1, 0} >3+b, {0, 1} - -5}}

A =Map[Last, #] & /@cr
{{_21 _1}1 {3+bl _5}}

{Tr[A], Det[A]}
(-7, 13+b}

Plot[z® /4, {t, -10, 10}, PlotRange » {-20, 50},
AxesLabel » {"nyom: t", "determ: 6"},
Epilog - {Thick, Red, Arrow[{{-7, -20}, {-7, 40}}], Black,
Text["A b paraméter hatasa", {-7, 45}], Text[Style["Nyereg, IS", 14, Blue],
{0, -15}], Text[Style["S csomdé", 14, Blue], {-8, 8}],
Text[Style["S centrum", 14, Black], {-4, 12}],
Text[Style["S fdékusz", 14, Blue], {-3, 30}],

Text[Style["t?=46", 14, Brown|, {8, 20}], Circle[{-7, 3+ 3—7} 0.5]}]
4

determ: 6
A b paraméter hatasa
40
A
S fékusz 30

20

S centrum

Nyereg, IS
-20

Solve[(-7)% =4 (3+b), b]
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. feladat

eq8 = {x'[t] =x[t]®+x[t] y[t]®-x[t] -y[t], y'[t] =y[t]®+y[t] x[t]®-y[t] +x[t]};

rhs8 = torhs[eq8] ;

StreamPlot[rhs8, {x, -2, 2}, {y, -2, 2}, Epilog » {Red, Thick, Circle[]}]

2+

-2+

Eigenvalues[D[rhs8, {{x, v}, 1}] /. {x> 0, y > 0}]
{(-1+1, -1-1}

Solve[rhs8 == 0, {x, y}]
{{x->0, y>0}}

Attériink polarkoordinatikra

ClearAll([x, y, ¢, t, P];

helyett = {x[t] » p[t] Cos[e[t]], y[t] » p[t] Sin[o[t]]}
{x[t] »Cos[e[t]]plt], y[t] »Sinfe[t]] p[t]}

dhelyett = D[helyett, t]

{x'[t] » Cos[o[t]] p'[t] -Sinfe[t]] A
y'[t] »8infe[t]] p’[t] +Cos[e[t]] o]

o+ ot
s 8
o ot
—

Equal @@@ dhelyett

{x'[t] =Cos[o[t]] p’[t] -Sinle[t]] p[t] 0 [t],
y'[t] =Sin[e[t]] p'[t] +Cos[e[t]] p[t] @ [t]}
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soleqd = Solve[Equal @@@dhelyett, {p'[t], ¢'[t]1}]1[[1]] // Simplify
{o[t] » Coslo[t]] x'[t] +Sinle[t]] y'[t],
Sinfe[t]] (-x'[t] +Cotle[t]] y'[t]) )

plt]

e [t] -

pill = soleqd /. Rule@@@eq8 /. helyett // Simplify
{or1t] »plt] (-1+p[t]2), @ [t] > 1}

pill /. Rule - Equal

forlt] =plt] (-1+p[t]?), @ [t] =1}

Equalee@epill

{o[t] =p[t] (-1+p[t]?), 0 [t] =1}

Innen latszik, hogy az egységkérvonal instabilis mindkét oldalrél.

Szerkesszink Bendixson-zsakot.

9. Feladat

eq9[u_: 0] := {x'[t] =y[t], y'[t] = x[t] -x[t]®-u (y[t]®-2x[t]* +x[t]%) }
eq9[]

{x[t] =ylt], y[t] =x[t] -x[t]?}

rhs9[u_: 0] := torhs[eq9[u]]

rhs9[]

{v, x-x*}

Vegyuk észre :)

Map[Integrate[#, t] &, y[t] y'[t] = (x[t] -x[t]3) x'[t]]
ylt]® x[t]? x[t]*

2 2 4

Tehat egy elsé integral

elx_, y_ ] :=2y"+x*-2%°

Es valéban

Dle[x, v], {{x, ¥}, 1}]1.rhs9[] // Expand

0

sp9 = StreamPlot[rhs9[], {x, -3, 3}, {yv, -3, 3}]
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Show[cp9, sp9, PlotLabel » "Forditva nem latszik!"]

Forditva nem latszik!

D[e[x, v], {{x, ¥y}, 1}] .rhs9[u] // Factor

4y (~2x?+xt+y?)

olx, vl

-2x%+ x4+ 2y

NSolve[rhs9[10] == 0, {x, y}, Reals]
{{y->0, x-»-1.44035}, {yv>0, x> -0.0499376}, {y>0, x>0}, {y>0, x>1.39029}}

NSolve[rhs9[0] == 0, {x, vy}, Reals]

{{x->-1., y>0}, {x->0,y->0}, {x->1., y->0}}

NSolve[rhs9[-2] == 0, {x, vy}, Reals]
{{y-0, x-»-1.3131}, {y»>0, x>0}, {y>0, x>0.242431}, {y>0, x> 1.57067}}
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PlotLabel -» "Valtozik a gyokok széma"] ,

Manipulate [Plot [x -x3+ux? (2 - x2) ,

Valtozik a gyokdk szama
n n n n L n n n 1 n

Manipulate[StreamPlot[rhs9[u], {x, -3, 3}, {y, -3, 3}, PerformanceGoal -» "Speed"],

-1, 14, 0.2}]

{{u, 1},
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StreamPlot[rhs9[2], {x, -3, 3}, {y, -3, 3}, Prolog -» Firste
ContourPlot[e[x, v], {x, -3, 3}, {y, -3, 3}, Contours » {0.01, 0.1, 1, 5, 10}]]

a y
! b
; |
| l
|

of |
| l
_1 l
| !
iy
| .
S | ]

| 0. feladat

eql0 = {x'[t] = x[t] -y[t] -x[t]®, y'[t] =x[t] +y[t] -y[t]®};
rhsl10 = torhs[eql0]

{x—x3—y, x+y—y3}

Eigenvalues[D[rhs10, {{x, vy}, 1}] /. {x> 0, y - 0}]

{1+i, 1 -1}

Instabil fokusz.



sp = StreamPlot[rhsl10, {x, -3, 3}, {y, -3, 3}]

IRy,

=SSN
— W TN
TN\ AN
———= 7 NS
2 :/;//7// NS
f

Vix_, y_1 :=x2+y2
D[V[x, v], {{x, v}, 1}].rhs1l0 // Simplify

—2 (-x?+xt - y? eyt

RegionPlot[-Z (-x2 +xt -y? +Y4) <0,

{x, -3, 3}, {y, -3, 3}, PlotLabel -» "Hol negativ?"]

Hol negativ?
3
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cp = ContourPlot[V[x, v], {x, -3, 3}, {y, -3, 3}, ContourShading -» None,
Contours -» Range[0, 10., 1.0], ContourStyle -» Directive[Red, Thick]];

Show[sp, cp]

7 L

/’p

&
NS

|
- “3&;::

Megint segithet a Bendixson-zsak.

Tovabbi erdekes peldak,

alkalmazasok

Hovezetés

ho = NDSolve[{D[u[t, x], t] ==D[u[t, x], {x, 2}], u[t, 0] == 0,
u[0, x] == 8in[x], u[t, 2x] ==0}, u, {t, 0, 10}, {x, 0, 27}]

Domain: {{0., 10.}, {0., 6.28}}

{{u - InterpolatingFunction[ N Output: scalar } }}
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Plot3D[Evaluate[u[t, x] /. ho], {t, 0, 10}, {x, 0, 27}, PlotRange - All,
ColorFunction -» "TemperatureMap", AxesLabel » {t, x, "u(t,x)"}]

Kemiai reakciokinetika

Robertson-reakcié

ClearAll[a, b, ¢, rl, r2, r3, t];
{rl, r2, r3} = {kla[t], k2b[t]?, k3b[t] c[t]};
eqns = {a'[t] = -rl+r3,b'[t] ==rl-r2-r3};

eqEqgn = {a[t] +b[t] +c[t] =1};
icEgn = {a[0] =1, b[0] == 0, c[0] == 0};

params = {k1 > 0.04, k2 » 3x 107, k3 > 10%};
sol = NDSolve[{eqns, eqEgn, icEqgn} /. params, {a, b, ¢}, {t, o, 108}];

LogLinearPlot[Evaluate[tt[t] /. sol],
{t, 107, 10°}, PlotRange »All, PlotLabel - #[t]] & /@ {a, b, c}

a(h) c(t)

10f b(f) 10

08} 0.00003 038
{0'6' , 0.00002 , 08 }
0.4} 0.4
0.00001
02} 0.2
100 10° T
0001 1 1000 10° 10° 0001 1 1000 0001 1 1000 10° 10°

A harom 6sszege? Mutassuk meg, hogy tényleg allandé.



26 | MosonPeter2016.nb

Elektromos halozat

components = {r iR[t] == vR[t], 1 iL'[t] == vL[t], iC[t] ==cvVvC'[t]};
connections =

{iC[t] +iR[t] +iL[t] == 1i1[t], v[t] = vR[t], vVR[t] == vL[t], vL[t] == vC[t]};
il[t_] :=1;
ic = {v[0] == vR[0] == vVR[0] == vC[0] = iR[0] == iL[0] == iC[0] == 0};
params = {r—) 10, ¢ > 10'3, 1l1- 0.4};

sol = NDSolve[ {components, connections, iL[0] == 0, v[0] == 0} /. params,

{iR, iL, iC, v}, {t, 0, 0.2}, AccuracyGoal » 7];
{Plot[Evaluate[{iR[t], iL[t], iC[t]} /. sol], {t, 0, 0.2}],

Plot[v[t] /. sol, {t, 0, 0.2}]}

0.8 6

0.6 /\

{oa o }
0.2 2

F 0.05— 010  0.15

0.05 0.10 0.15

Ertelmezzik az eredményt.
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Rezgomozgas

ClearAll [springGraphics]
springGraphics[r_: 0, OptionsPattern[]] :=
Module[{w = N[OptionValue[width]],
1l = N[OptionValue[length]], n = OptionValue[segments]},
Graphics [ {White , Thickness[Large],
Line[—Flatten[{
{{{0, 0}}},
Table[{{0, vy}, {w, y+(0.81+xr) /(4n)}, {-w,y+3 (0.81+x) /(4n)}},
{y, 0.051, (0.851+r) - (0.81+r) /n, (0.8l+r) /n}] ,
{{{0,0.851+r}, {0, 1+r}}}
}o2]].
Black, EdgeForm[{White, Thick}], Disk[{0, -1-r}, 0.2]
H
]

Options[springGraphics] = {length » 1, segments » 4, width » 0.1};

solSpring = ParametricNDSolveValue[
{mass x''[t] +damping x ' [t] + mass 4 7° freq® x[t] =0, x[0] == x0, x'[0] = VO} ,
x, {t, -2, 60}, {x0, vO, mass, damping, freq}];

| 27
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solSpr[t_] = solSpring[1l, 0, 1, 0.5, 1][t]~;
GraphicsRow| {
Plot[{solSpr[t], solSpr'[t]}, {t, 0, 2}, FrameLabel -» {t, None},
PlotLegends - Placed[ {"Pozicid", "Sebesség"}, ImageSize - 400]],
ParametricPlot[{solSpr[t], solSpr'[t]}, {t, O, 2},
AspectRatio » 1, FrameLabel » {"Pozicid", "Sebesség"}]

}, ImageSize » 900, Spacings - 1]
: ImageSize - 400 is not a valid position for the placement of labels. >

: ImageSize - 400 is not a valid position for the placement of labels. >

4
2
| | L | | | | | /_ L | h | | | | %ﬂ’
N \0_5/ R 1_5_/
A Sebesség
2k
4
6




Manipulate[
Animate[
Show[

Graphics[{White, Disk[{0, 0}, 0.05], Line[{{-2, 0}, {2, 0}}],
Line/@Table[{{x, O}I {x_o'll _0-1}]’1 {xl _21 2, 0-2}]}]1
If[showMeasure, Graphics[{White, Line[{{-2, -2}, {2, -2}}1,

MosonPeter2016.nb | 29

Arrowheads[{-0.03, 0.03}], Arrow[{{-1, -2}, {-1, -2 -s01lSpr[t]}}],

Line[{{-1.1, -2 - solSpr[t]}, {0, -2 - solSpr[t]}}],

Text[Style[x, 18], {—1.1, -2 -solspr[t] /2}]}] , Graphics[]] ,

springGraphics[solSpr[t], length » 2, segments » 16],
PlotRange -» {{-2, 2}, {-3.5, 1}}, Background -» Black] ,
{t, 0, 60, 0.01}, AnimationRate » 1, AnimationRunning - False]

, {showMeasure, {False, True}} ]

showMeasure

e

DIREIE]

Homeérsélet szabalyozas kapcsolgatassal: diszkrét



30 | MosonPeter2016.nb

bevatkozas, hibrid rendszer

solTemp = NDSolveValue[{x'[t] = -0.5 (x[t] -30-2s[t]),
x[0] =0, s[0] = 1, WhenEvent[x[t] = 30 +s[t], s[t] » -s[t]]},
x[t], {t, 0, 50}, DiscreteVariables » {s}]

Domain: {{0., 50.}}
Output: scalar

1]

InterpolatingFunction[

Plot[{30, solTemp}, {t, 0, 50}, PlotRange -» All,
PlotStyle -» {{Black, Dashed}, {Red, Thick}}]

J

Y

10 20 30 40
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Késleltetett egyenlet légzésre

Manipulate[
Module[{sol, x, t},
sol = First|NDSolve[{x'[t] = ax[t - t]/(1 + x[t - ©]"10) -b x[t],
x[t /; t < 0] =1/2}, %, {t, 0, 500}]];
ParametricPlot[Evaluate[{x[t], x[t - t]} /. sol], {t, 300, 500},
PlotRange - {{0, 2}, {0, 2}}1], {{a, .2}, 0, 1}, {{b, .1}, 0, 1},
{{z, 17}, 1,
20} ]

T N
[
A
1.5;
1.0;
05}
e o5 T 10 s >

Tovabbi aprosagok
Definiciok, megoldasok:

Hyperlink ["EqWorld", "http://eqworld.ipmnet.ru/en/solutions/fpde/fpdetoc3.htm"]
EgWorld
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sol = DSolve[
{x'[t] =1, x[0] == 0, WhenEvent[{t =1, t =2}, x[t] » x[t] +1]}, x, {t, 0, 3}]

t O<t=<1
{{xeFunction[{t}, ;:E ;iizé}}}

Indeterminate True

Plot[x[t] /. %, {t, 0, 3}]

PDE-rendszer ©; gradiensbél fuggvény (v6. egzakt egyenletek és Cauchy-Riemann-egyenletek)
DSolve[{D[f[x, vl], x] ==2xy > +yCos[xy],

D[f[xr Y] ’ Y] == 3x2y2 +xCos[xy]}, f[xl Y] ’ {xr Y}]
{{f[x, y] > x2y?+C[1] +Sin[x y}}}

Hivatkozasok
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Toth, J.; Simon, L. P.: Differencialegyenletek. Bevezetés az elméletbe és az alkalmazasokba,
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Hyperlink["Stabilis poliomok",
"https://www.researchgate.net/profile/Janos_Toth4/publication/260458110
_Stability of_polynomials/links/0c9605315cblfefeb5000000.pdf"]



